The catalysis of chiral symmetry breaking by an applied constant and uniform magnetic field in the four-dimensional Nambu-Jona Lasinio model is investigated in the presence of boundaries along the third axis. It is shown that in the case of periodic boundary conditions for fermions, the magnetic field breaks the chiral symmetry, generating a dynamical mass even at the weakest attractive interaction between fermions. For antiperiodic boundary conditions, however, the effect of the finite third dimension is to counteract the chiral symmetry breaking.
From the underlying physical mechanism, it is clear that the Casimir effect has a broad range of applications. Today, we can find research activity on this field in many different areas as statistical physics, condensed matter, elementary particles, cosmology, etc [2] .
On the other hand, it has been recently found that a magnetic field can catalyze the dynamical chiral symmetry breaking in different quantum field systems [3, 4] (see, also [5] ). This is a universal phenomenon that can be understood as the generation, through the infrared dynamics of the fermion pairing in a magnetic field, of a fermion dynamical mass at the weakest attractive interaction between fermions. The essence of this phenomenon lies in the dimensional reduction of the electron dynamics when their energy is much less than the Landau gap √ eB (B is the magnitude of the magnetic field) [3, 4] . In this case, the electrons are confined to the lowest Landau level, therefore having a (D-2)-dimensional dynamics. The lowest Landau level plays in this case a similar role to that of the Fermi surface in BCS superconductivity.
As it has been pointed out by several authors, the magnetic catalysis of dynamical chiral symmetry breaking can have important applications in condensed matter physics [6] , and cosmology [4, 7] .
Our main goal in this paper is to combine these two effects, that is, to investigate the chiral symmetry breaking in the presence of an external constant and uniform magnetic field for a fermion system in a spacetime which is locally flat but which has a nontrivial topology represented by the domain R 3 × S 1 (i.e. a Minkowskian space with one of the spatial dimensions compactified in a circle S 1 of finite length a).
The fact that the energy of the vacuum state of quantized matter fields in R 3 × S 1 is nonzero has been corroborated by several authors in different physical models [8, 9] . For example, in Ref.
[10] the Nambu-Jona-Lasinio model in the R 3 × S 1 space-time and in the presence of chemical potential has been studied. Recently, the influence of an external magnetic field on the Casimir energy density of charged Bosonic and Fermionic fields has been also investigated [11, 12] .
We start considering the Lagrangian density of free fermions in the presence of a constant and uniform external magnetic field
where the covariant derivative
chosen in the Landau gauge
This potential corresponds to a constant and uniform magnetic field pointing in the OZ positive direction.
The nontrivial topology of the compactified spacetime domain
into periodic boundary conditions (PBC) for untwisted fermions or antiperiodic boundary conditions (APBC) for twisted fermions [9] ψ (t, x, y, z + a) = ±ψ (t, x, y, z) .
In (3) we have taken the compactified dimension with length a in the OZ-direction.
The fermion energy eigenvalues corresponding to the Lagrangian density (1) with PBC (3) are
and for APBC (3) are
In Eqs. (4) and (5) l represents the Landau level and n the discrete components of P z , the momentum component in the direction of the compactified spatial coordinate. From Eq.
(4) we see that for the PBC case in the m → 0 limit, there is not energy gap between the vacuum and the lowest Landau level (l = 0) at zero momentum (n = 0). This is the same behavior found in this system in (2+1)-and (3+1)-dimensions, when it is considered in a topologically trivial spacetime (a → ∞) [3, 4] . As in those cases, it should be expected here that the magnetic field catalyzes the dynamical breaking of chiral symmetry. The absence of an energy gap between the vacuum and the lowest Landau level at zero momentum makes possible the vacuum condensation of electron pairs which are interacting in the infrared band of the fermion spectrum.
For the APBC case (Eq. (5)) the situation is different. Even at m → 0, an energy gap
, which depends inversely on the compactified dimension length a, exists between the vacuum and the lowest Landau level (l = 0) at zero momentum (n = 0).
In each case, to determine if there exists a chiral condensate 0 ψψ 0 catalyzed by the applied external field, we must start from the fermion effective action in the presence of a constant and uniform magnetic field which in the Schwinger proper time formalism [13] is given by
where s 0 is a cutoff in the proper time s, Tr means the trace over space-time and internal degrees of freedom, and the proper time Hamiltonian density is
with P µ = −i∂ µ denoting the electron four-momentum and
For the APBC case it was found in Ref. [12] that the fermion effective action is given by
In (8) the sum over the Landau levels was carried out, V = T Aa is the four-dimensional
Similarly, for the PBC case one has
The chiral condensate is found through the equation
where
From Eqs. (8) and (9) we have respectively
where we have introduced the Jacobi θ-functions [14] to represent the series appearing in Eqs. (8) and (9), and made a Wick rotation to Euclidean space (s → −is).
Using the Jacobi imaginary transformations
where τ = ia 2 4πs
, we can write Eqs. (11) and (12) as
respectively.
In Eqs. (15) and (16) we used the series representation of the Jacobi functions θ 2 , and θ 3 respectively; and replaced s 0 by 1/Λ 2 .
Evaluating Eqs. (15) and (16) at m = 0 we obtain for eB = 0
Thus, from (18) and (17) it can be seen that in the PBC case a chiral condensate is catalyzed by the external uniform and constant magnetic field, while for the APBC case the condensate is absent.
To understand better the genesis of this difference we should note that the main difference between the APBC and the PBC cases lies in the existence of a zero fermion mode (n = 0) for the last one. That is, for PBC the fermion spectrum accepts a zero mode, as discussed below Eq. (5). This zero mode contribution is essential to obtain a different from zero result in Eq. (16).
We must also stress that the condensate (18) is in fact equal to the product of the condensate − eB 2π
, found in a topologically trivial (2+1)-dimensional domain in the presence of an external magnetic field [3] , times (1/a). The 1/a factor here is a manifestation of an additional dimensional reduction (besides that introduced by the magnetic field [3] ) associated to the nontrivial topology (i.e. to the presence of the boundaries determined by the parallel plates).
When an external magnetic field is present, but the topology is trivial, the chiral con- To generate a fermion dynamical mass we must introduce fermion interactions. As shown below, in the PBC case a fermion dynamical mass, depending on the magnetic field B and the compactified dimension length a, appears for weak fermion interactions.
Let us consider the Nambu-Jona-Lasinio (NJL) model [15] 
where D µ is the covariant derivative introduced in Eq. (1) and the fermions carry an additional, "color", index α = 1, 2, . . . , N. It is known that introducing the composite fields
the NJL Lagrangian density (19) can be rewritten as ) and (21) are equivalent.
It is clear from Eq. (21) that if σ gets a different from zero vacuum expectation value (vev)
σ, the fermions acquire mass. Then, to investigate the generation of a fermion dynamical mass we need to search for possible non-zero vev of σ. In the large N limit the vacuum is determined by the stationary point of the effective action for the composite fields σ and π, obtained by integrating over fermions in the path integral:
Since the vacuum should respect translational invariance, we need to calculate the effective action for constant auxiliary fields to find the vacuum. In this case, the effective action is just W (σ, π) = −V (σ, π)T Aa, where T Aa is the space-time volume and V is the effective potential. Moreover, since the potential V depends only on the chiral invariant
it is sufficient to consider a configuration with π = 0 and σ constant. In the proper-time formalism we get
for antiperiodic and periodic boundary conditions, with W AP,P = W AP,P /T Aa obtained from Eqs. (8), (9) . It is evident that in the limit a → ∞, since the theta functions θ 3,4 (0|ia 2 /4πs)| a=∞ = 1, the potentials are equal (V AP = V P ) and coincide with the well known effective potential of the NJL model in the presence of an external magnetic field [4] .
The dynamical massσ for the PBC case is obtained as the solution of the gap equation
To find the solution we rewrite expression (16) separating its infrared (s → ∞), I inf , and ultraviolet (s → 0), I ult , contributions
and
The calculation of I inf at σ ≈ 0 is basically what we did to find the condensate solution (18), that is, starting from
we obtain in the eB/σ 2 ≫ 1, σ 2 /Λ 2 ≪ 1 limits the condensate solution (18) as the leading contribution at σ ≈ 0
The ultraviolet contribution (27) can be written as
Taking the limitσ 2 Λ 2 ≪ 1 in Eq. ( 31) we obtain its leading contribution at σ ≈ 0
For the second term, in the Λ → ∞ limit we have
The integral appearing in (34) can be given in terms of the modified Bessel function [14] K 1 (z) as
Taking into account the asymptotic expansion for the modified Bessel function [14] , we find that the leading contribution atσ ≈ 0 in (35) is given by
Summarizing the results given in (33) and (36) we have
The result (37) coincides with the one obtained by Vshivtsev et al. in Ref. [10] , where they considered the effect of a nontrivial topology and chemical potential in the fermion dynamical mass. We want to point out that in the absence of an applied magnetic field, the effect of the compactified dimension in the fermion dynamical mass (second term in the RHS of Eq. (37)) is an ultraviolet effect. In this case the only consequence will be a redefinition of the critical value (G c ) of the coupling constant G [10] , which now depends on the compactified dimension length a. Hence, the chiral symmetry breaking there is a strongcoupling regime result, in the sense that it takes place for G > G c . On the other hand, the result we are reporting in this paper, that is, the magnetic catalysis within a topologically nontrivial space, is essentially an effect due to infrared dynamics, and as shown below, it can occur at the weakest interaction (G < G c ).
Using the results (29) and (37), we write the gap equation as
from which the dynamical mass m P dyn =σ = 0 can be found. This solution is given by
if the coupling G ≪ G a c , where the critical coupling constant
depends in this case on the compactified dimension length. The condition G ≪ G a c guarantees that (39) is a minimum solution of the effective potential V P . Note also that it is in agreement with the used approximation eB/σ 2 ≫ 1.
From the above result it is clear that the dynamical mass solution (39) exists in the weak coupling regime of the theory. The fact that there is no critical value of the coupling to produce chiral symmetry breaking is a characteristic signature of the catalysis of dynamical symmetry breaking by a magnetic field [3, 4] . If one compares the present results with the (B = 0, a = ∞)-case [10] , it can be understood that, in the absence of the external field, the role of a is just to change the critical value of G, but the effect is still a strong coupling effect.
As it is well known, the breaking of a continuous chiral symmetry is linked to the existence of Nambu-Goldstone (NG) bosons. The analysis of the NG-modes appearing in this problem will be published elsewhere [16] .
Finally, let us discuss the APBC case. Following the same procedure we used for PBC, it is found that the APBC gap equation is given by
In this case the chiral symmetry breaking appears in (41) 
It is important to note that, since the contribution of the compactified dimension length a to the gap equation has opposite sign for APBC (Eq. (41)), as compared to PBC (Eq.
(38)), the boundary effect in the APBC case is not enhancing the chiral symmetry breaking, but, on the contrary, it is counteracting it. It is interesting to observe also that in the APBC case the applied magnetic field does not play a substantial role in the generation of a dynamical mass.
In conclusion, we should point out that the combined effect of an external magnetic field and periodic boundary conditions for fermions along third axis can find important applications to explaining a kink-like feature of thermal conductivity in the presence of a magnetic field in high-T c superconducting samples much below the critical temperature.
Such an effect was observed in recent experiments by Krishana et al. [17] . These high-T c superconductors are known to possess a quasi-2D structure, and it has been suggested [17, 6] that the magnetic field can induce a second phase transition in the superconducting state, leading to the opening of a gap at the nodes of a conventional d-wave gap.
